
 

Definition 7 5
For a function f D R define functions f
f D R as follows

f x Fx if fix so

0 otherwise

f x f f if falco
0 otherwise

Apparently we have f ft f and If f ft tf
Proposition 76

Let f g a b IR be integrable functions
Then we have

i The functions ft f and Ifl are integrable
and we have

lfbfkid.IE abIfcxIldx
Ii For every p ell

os the function IfIP is

integrable
Iii The functions f g 1a b IR is integrable



Proof
i According to assumption forgiven e o there
exist step functions 4,21 E Sla b with
Ye f E Y and

Jabal 4 G dx EE

Then it and 24 are also step functions
with 4 E ft E H and

4 4 711dx E ft 6 G dx es

therefore ft is integrable Analogously f
is integrable as well According to Prop
7 5 Ifl is then also integrable As f e Ift
and f E Ifl Prop 75 iii gives

fHdx E If kildx

ii It suffices to show integrability of IFIP
in the case 0 E f E l For e o there are

step functions 4 ye Sta b with
0 E Y E f EY e l



and

Y e dx E Ep

YP and YP are also step functions
with 4 Ps f P e XP and due to

XP p xp
1

the mean value theorem gives
xp UP E p 4 4

Therefore
y P y P dx Ep f4 4 G dx E E

thus f
P is integrable

Iii The claim follows from
fg I Iff Igf Cf g

Proposition 7.7 Mean value theorem of integration
Let 9 la b Rt be a non negative integrable
function Then there exist for every continuous
function f la b IR a le la b sit

IfG 467 dx ft ceca dx



In the special case 4 1 one gets

fix dx f b a for 3 c la b

fly

la 3 b

Fa an arbitrary integrable function f laid R

one calls

Mff fG7dx

the mean value of f over the interval
a b More generally we call

theCfl
g d fkn 961 dx

the weighted mean value of fciffeeadx.to



Proof
According to Prop 7 G the function fee
is integrable We set

me inf fix x e la b

M e sup fix x c la b

Then we have my e fo e Me so according
to Prop 7.5 i

m W dx E fix 4CxIdx EM 9 Dx

Therefore there exists a number uefm.MS
sit

fabfad dx n 4Cx7dx

Int value theorem F Te la b s t

f 7 u claim follows a



Recall
Theorem 7 I i

Let f a b IR be a Riemann integrable

function There there exists for every soo

a 820 such that for every choice 2

of points xk and 7k of finenessuCZ as
we have

I fabffddx SCZ.FI EE

One can also write this as follows
iffy o if fcxIdx

Proof
Let 4,4 be step functions with reefs 4

For all sub divisions 2
Stf 4 E SCE f E SCF 4

Thus it suffices to prove the claim in the
case where f is a step function
Choose the sub division

a to a t s c Lm b



As f is bounded there exists

ME sup If l x c lab ERGO

Let 2 Gk oeken Hicken some

sub division of the interval la b and E Slab
the step function defined by
Fca fca and FG far for x Exexk

Then we have

S Z f IF dx

therefore

I fbfcxldx SCF.FI EfablfCx7 FCx7ldx

The functions f and F are equal on all

sub intervals xn Xie with Tj Efik Kitty
different at most on 2in sub intervals

Xm xn of total length 2 mute Moreover

IfG FG I 2 2M
thus

fabIfcx FCA dx E 4in Muff



As UCF 0 the claim follows a

Example 73
we want to compute the integral cosxdx
Ca o

using Riemann sums For a natural
number he IN we set i

Xk E KI K 0,1 in

giving an equidistant sub division of the
interval Eo a of fineness En As support
points we choose xk The corresponding
Riemann sum is

an cos KI 1 1

Now use the following
cos Kt sink for t.caz2sinlzt

Proof
we have coskte I feint e it't thus

I t y
cos Kt I zeikt



On the other hand we have

fineint e
int eikt e

int tecantilit use

1 e it
induction

eicht 2 t e ith t b t sin frt II t
e ith e ith s in It

I

Plugging this into 1 7 we get Getting f E

si qfsinktt.la I2 sin In

Ying sin fat E In

As fines sina.IT
we get

cos x dx Ling Su sin a

a

Proposition 7.8

Let a be c and f La c R a function f is
integrable if and only if both fleas and

fKb ez are integrable and we then have

Ifcx dx aff dx t fCx7dx








